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The impact and challenge of DFT

« Density-functional theory is almost ubiguitous in
guantum molecular & materials simulation.

« Of the 100 most cited papers in any field during
1900-2014, 12 pertain to DFT (2 are in the top 10).
For details, see Nature 514, 550 (2014).

Errors in Calculated Formation Enthalpies
for 413 binaries in the Kubaschewski Tables
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Systemic error #1: delocalisation error

* A type of electron self-interaction error
« |nsulating gap, polarisation, charge-transfer

« Magnetisation, ionisation potential, binding curves
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> J. P. Perdew, R. G. Parr, M. Levy, and J. L. Balduz, Phys. Rev. Lett. 49, 1691 (1982)
» A.J.Cohen,P.Mori-Sanchez,andW.Yang, J. Chem. Phys. 129, 121104 (2008)
» A. J. Cohen, P. Mori-Sanchez, and W. Yang, Science 321, 792 (2008)
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DFT+U : the modern interpretation
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How to quantify SIE on sub-spaces?

« Define U as the subspace-averaged rate of

change of Hxc potential on charge N, w.r.t. N.

¢ N="Tr|(p" 4 p*) P

v = Tr (VT+V¢)IA) /2T [f’}

: dvil,. — _ _
then [J = dIJ{V _ XN%) B XNl
] dvﬁs ] dvé\fct - da

. where X]_\zo:d—Na XN = N AN
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NiO DFT(PBE) DoS

Exp: Bandgap=3.0eV Mag. Mom.=1.6-1.9uB
PBE: Band gap =1.66eV Mag. Mom. = 1.37 uB
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NiO DFT(PBE)+U DoS

Band gap =3.0eV Mag. Mom. =1.6-1.9 uB

Exp:
PBE+U: Band gap =3.04eV Mag. Mom. = 1.62 uB
> S. Hufner, Adv. Phys. 43, 183 (1994)
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Systemic error #2: static correlation error

Static Correlation Error (eV)
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» A.J.Cohen,P.Mori-Sanchez,and W.Yang, J. Chem. Phys. 129, 121104 (2008)
» A. J. Cohen, P. Mori-Sanchez, and W. Yang, Science 321, 792 (2008)
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How to quantify SCE on sub-spaces?

« Define J as minus the subspace-averaged rate of

change of Hxc potential on magnetism M, w.r.t. M.

A
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NiO self-consistent DFT(PBE)+(U-J) DoS

Exp: Band gap =3.0eV  Mag. Mom. =1.6-1.9 uB
PBE+U: Bandgap=3.0eV Mag. Mom. = 1.57 uB
Usg = 5.2 eV
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Effect of O 2p correction terms on geometries

— For details on Hund’s J calculation, see:
C@ E. B. Linscott, D. J. Cole, M. C. Payne, and
0 D. D. O’Regan, Phys. Rev. B 98, 235157 (2018).
(]
— Forionic forces and nonorthogonal population
4 analysis schemes in DFT+U and related methods:
0
D. D. O’Regan, M. C. Payne, and A. A. Mostofi
# Phys. Rev. B 83, 245124 (2011).
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Are only TM 3d orbitals error-prone?

« Oxygen 2p orbitals often harbour large U values.

U ﬁ J
w

Metal

Ti3+
V2—i—

MnO

3.89 £0.01
4.00+£0.01
3.90 £0.01
3.20£0.01
5.40£0.01
4.35+£0.01
5.924+0.02
4.58 £0.01
6.25+0.00
4.96 +0.02
5.26 £0.01
4.63 £0.01
5.37£0.04

.

0.344+:0.00
0.35£0.00
0.424+0.00
0.35£0.00
0.534+0.00
0.52 4+0.01
0.81+0.02
0.63 £0.01
0.754+0.00
0.651+0.01
0.78 =0.01
0.90 £ 0.01
0.49+0.02

8.13£0.02
8.28 =0.01
8.29 £0.02
8.45+£0.02
8.57+0.03
8.31 £0.01
8.40 £0.12
8.83 £0.01
8.39£0.10
8.25 £ 0.09
8.09 £0.01
8.38 £0.01

10.92 £0.12
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1.05£0.00
1.294+0.00
1.08 = 0.01
1.274+0.01
0.97+0.01
1.30£0.01
1.06 £0.06
1.394+0.01
1.12£0.05
1.37£0.06
1.37£0.00
1.38+=0.00
1.03+0.03



Computing U and J in ONETEP (example: NbO,)

0.08 - dn spin up [e] 0.08 o dn spin up [e]
dn spin down [e] J = dn spin down [e]
0.06 - dvks spin up [eV] N b 0.06 4= dv,s spin up [eV] O
dvig spin down [eV] 1= dvks spin down [eV]
0.04 - 0.04 -
0.02 - 0.02 -
04 0 _
-0.02 + -0.02 -
-0.04 - -0.04 -
-0.06 - -0.06 -
-0.08 - -0.08 +
0.I05 . 071 —(;.1 . -OI.05 . (I) . 0.2)5 . 071
dVext [eV]
Niobium Oxygen
U 2.48 9.02
J 0.23 0.90
Ug=U—J 2.25 8.12
Upan = U — 2J 2.02 7.22
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DFT+U+J: the second easiest way to include J
« See Phys. Rev. B 84, 115108 (2011) for derivation.

Eyis=)»_ v ; Ty ale —ploale] + gTr 17n17]
I,0
ity = Lo (P —2ate) 4 it

In closed-shell systems, the gap goes like U — 2 J:

U—2J .
0 = (P 2AI")+§P

* There, also symmetry allows U and J to be
calculated simultaneously with one set of
perturbations, e.g. applied to spin-up only.
See Phys. Rev. B 101, 245137 (2020).
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DFT(LDA)+U+J density of states for TiO»

HSEO06 [79] 3.3
TiOz-rutile FEgap
HSE06 [19] 3.39
DFT (LDA) 1.96
HSE06 (o = 0.2) [76] 3.05
Ud Ud,P
sX Hybrid [75] 3.1
DFTH+U 2.24 3.59
LDA+GoW [18] 3.34
DFTH U =U — J 2.21 3.38
PBE+GoW, [19] 3.46
DFT4+U¢yy =U — 2J,aa = —J/2 2.17 3.32
HSE+GoWj [19] 3.73
DFT+Ugn = U — 2J 2.18 3.18
DFT+U (U=7.5 eV) [80] 2.83
DFT+U¢n = U — 2J, a0 = J/2 2.20 3.04
DFT+U (U=10 eV) [81] 2.97
DFTH4+U+J i it in t 2.20 3.04
+U+J (no minority spin term) DFT+UY (U = 3.25 eV) [82] 2.01
i 12, 1 .
Experiment [12, 13] 3.03 DFT+U%P? (U = 3.25 eV, UP = 10.65 V) [82] 3.67
LDA [48] 1.79 DFT+U%P (U% =3.25 eV, UP = 5.0 eV) [82] 2.69
PBE [19] 1.88 DFT+U%P (U% =0.15 eV, UP = 7.34 V) [83]| 2.83
PBE [75] 1.86
PBE [76] 1.77
- — Lessons learned:
TB-mBJ [77 2.60 . .
O 2p correction is needed;
SCAN [78] 2.23 _
smooth neutral orbitals seem best;

the DFT+U+J potential seems good.
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DFT(LDA)+U+J density of states for TiO»

TiOz-anatase Fgap

\\Dﬂlf“'
Ul | bec

DFT (LDA) 2.21

+U?  +UP

}\i
[

DFT+U 2.51 4.13 O
DFT4 Uy = U — J 2.48 3.88 .
‘ (a) Rutile (b) Anatase
DFT4Ugn = U — 2J,a = —J/2 2.41 3.81
DFT+Ugn = U — 2J 2.45 3.65
TiOgz-rutile Egap
DFT4Ugy = U — 2J, 00 = J/2 2.49 3.50
Subspace definition Ti° Ti3t
DFT+U+J(no minority spin term) 2.49 3.50
DFT(LDA) 1.96 1.96
Experiment [11 3.47
[ ] +Ud +Ud,p —|—Ud _|_Ud,p
PBE [19] 1.94
U 2.24 3.59 2.69 4.20
TB-mBJ [77] 3.01
Uett = U — J 2.21 3.38 2.63 3.94
SCAN [78] 2.56
Un = U — 2J, 00 = —J/2 2.17 3.32 2.52 3.81
HSEO06 [19, 79] 3.60 o
Utan = U — 2J from Ti 2.18 3.18 2.31 3.33
LDA+GoW, [18 3.56
+GoWo [18] Urannl = U — 2J from Ti3 T 2.38 3.46 2.57 3.69
PBE+GoWj [11 3.61
+GoWo [11] Upn = U — 2J,a = J/2 2.20 3.04 2.62 3.58
PBE+GoWo [19 3.73
+GoWo [19] U+J (no minority spin term)  2.20 3.04 2.64 3.58
HSE+GoWj [19] 4.05
DFT+U? (U=T.5 eV) [80] 3.27 — Lessons learned:
DFT4+U? (U = 3.23 eV) [82] 2.43

The arbitrariness with respect to orbital
choice does not go away.

DFT4+U%? (U? = 3.23 eV, UP = 10.59 eV) [82] 4.24
DFT+U%P (U? =3.23 eV, UP = 5.0 eV) [82] 3.23

— Again O 2p correction restores the lattice.
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MnO: another challenging test for DFT

B ocal/semi-local Em GW B this work
B hybrid BN DFTH+U exp.

LDA [98]

LDA [99]

LSDA [19]

LDA (AE) [100]
PBE [98]

PBE [101]

PBE [102]

PBE [103]

PBE (AE) [100]
GGA [41]

AK13 (AE) [100]
EV93PWOL (AE) [100]
HLE16 (AE) [104]
Sloc (AE) [105]
Sloc (AE) [100]
mBJLDA (AE) [106]

B3LYP (AE) [107]
B3PWO1 [98]

B3PWO1 (AE) [100]
EXX-OEP [108]

Fock-0.35 [98]

Fock-0.5 [98]

HSEO3 [109]

HSEO3 [99]

HSE06 (AE) [100]

PBEO [98]

PBEO [101]

sX-LDA [103]

sX-LDA (exp. lat. constant) [103]
GGA + GoW, [110]
HSEO03 + GoW, [110]
LDA + U + GoW, [111]
LDA + U + GoW, [112]
LDA+U [98]

LDA+U [19]

GGA+U [41]

PBE

PBE + U (scalar)
PBE + U (av1 X 1)
PBE + U + U! (1 x 1)
PBE + U + J (scaled 2 X 2)
exp. (PES-BIS) [113]

exp. (XAS-XES) [114]
exp. (absorption) [115] I

oo coniachun) (18] — — Best available experiment
1 2 3

indirect band gap (eV)

Trinity College Dublin, The University of Dublin

— Standard DFT

— HSE hybrid DFT
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ONETEP as an aid to functional development

— BLOR is an exactified DFT+U functional based on idea of measuring and correcting

self-interaction and static correlation error in situ. For single-orbital subspaces, it
can be shown to be unique, and it differs from conventional DFT+U+J.

Ur—l_UL A A2 J Az A2 Ur_UL A A A A A
TTr[N — N7] + ETr[M —N°] + TTr[M — NM], Tr[N] < Tr[P].
Egior = U +U!

A A J . . . Ul —-u!
Tr[(N—P)—(N—P)Z]—i—ETr[MZ—(N—2P)2]+

%Tr[M — NM], Te[N] > Tr[P).
SymmetricirMSIE term SC]S?erm Asymmetri::fMSIE term
P =2 |¢n) (@] ne = PP N =nl+al A
m

0.25

0.20

0.15

0.10

0.0
0.2
0.05

0.4
0.00

0.0

0.6 ™
0.2

0.4

0.6
n N 0.8 10 1.0

n ’ 10 10

0.8

0.8
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Illustrating cDFT: charge-transfer in pentacene

£y e, W
as S

e

(

o
i i N

mr

— Y

J-Z. Wang, et al, Sufface
Science 579, 80 (2005).

ground state

Orbital-based constrained DFT
allows to measure DFT errors,
selectively excite systems, and
investigate transient states.

Configuration ||our method| CASPT2/CASSCF|GW /BSE

Excitation Energy [eV]

Herringbone 1 2.04 2.22 [47] 1.92 [47]
Herringbone 2 2.72 2.55 [47] 2.60 [47]
Parallel 2.61 3.03 [47] 2.45% [47]
2.2 T T T T T
Supercell f
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, | e
, Corrected
1.8
' Uncorrected

221 222 232 233 242 322 331 332 422 531

Variational cDFT optimizability proof:
D. D. O’Regan and G. Teobaldi,
Phys. Rev. B 94, 035159 (2016).

Periodic boundary correction shown here:
D. Turban, et al., Phys. Rev. B 93, 165102 (2016).

Trinity College Dublin, The University of Dublin



So, what are we doing in practice?

...(just) adding attractive/repulsive potentials to constrain subspace populations,
population differences, and/or magnetic moments (differences)

Nsif(’e Nsi,t(zs

E.prr = Eppr+ Z Z U(gf)(ﬂ) (TT’ [n(l)(a)] _ N(I)(a))‘l' U.SI) (T?“ [n(l)(T)} — Ty [n(f)(i)] _ AN(I))

I=1 o=1 I=1



A challenge for cDFT: the reorganization effect
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How to define the constrained population?

Summed
& & 2 atomic Expected
:: ' i p4 }:‘ population Population
r"*f"Y'“r r"“v ¥y 172 73 102

I-\AAAAAAAAAAAAA

TY Y YYYYT?Y
A S

’*Y‘v
'*f‘f*t"‘r"“t"}ﬂ-

AN Y
: m:r

— S. Roychoudhury, D. D. O’Regan, and S. Sanvito, Phys. Rev. B 97, 205120 (2018).
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Pulay force due to variable nonorthogonality

=—a No Constraint (bFT)

% e- - o Without Force ICorrection
§ a— -4 With Force Correction
L ol e
3
5
[

001 | | | | | | |

0 5 10 15 20

Iteration

f ¢ 1 1 1

_ Reorganization energy (meV) Ed.a .*; m“
Cutoff energy  flake N AT A AV, M
900 eV none 29 27 56 N.A.

900 eV smaller 23 26 49 44
900 eV larger 20 20 39 50
1500 eV none 29 27 56 N.A.
1500 eV smaller 25 25 51 45
1500 eV larger 17 23 40 33
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Algorithmic linear-scaling demonstration (NiO)
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Number of atoms

— Cite ONETEP DFT+U with: PRB 85, 085107 (2012) & PRB 83, 245124 (2011).
— Cite computed U or J in ONETEP with: Phys. Rev. B 98, 235157 (2018).
— To see a cool recent application: J. Phys. Chem. C 126 (43), 18439 (2022).
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